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Limits on the efficiency of several thruster configurations are discussed. The efficiency of the Pulsed
Plasma Thruster is reduced when part of the magnetic field energy that is converted into particle
energy does not become directed kinetic energy but rather thermal energy. The partitioning of the
power when the propellant exhibits slug, snowplow or specular-reflection acceleration is analyzed.
It is suggested how to distribute the propellant mass along the accelerating channel so as to
efficiently use this thermal energy. Steady acceleration to supersonic velocities is examined in two
configurations: the Magneto-Plasma Dynamics~MPD! thruster and the Hall thruster. Limits on the
efficiency of the MPD thruster in a nondiverging geometry are derived. The efficiency in the
self-field acceleration is higher than in the azimuthal applied-field acceleration. These limits can be
overcome in a converging–diverging geometry, analogous to the Laval nozzle, in which the
efficiency can approach unity. The acceleration efficiency in the Hall thruster becomes unity for an
infinite magnetic Reynolds number even in a nondiverging geometry. The efficiency can be
enhanced by the pressure that results from electron heating or by employing segmented emitting
electrodes. ©2003 American Institute of Physics.@DOI: 10.1063/1.1560922#
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I. INTRODUCTION

Electric propulsion has the advantage of reduction of
propellant mass needed for a given space mission due to
higher exhaust velocities relative to those achieved
chemical propulsion. Since its introduction in flight in th
1960s, electric propulsion has been advanced and matu
as reviewed in Refs. 1–4. Electric thrusters vary in terms
power ~1 W to several MW!, exhaust velocities~3 km/s–60
km/s! and type of propellant, according to the mechanism
operation. From among the critical issues for satisfactory
eration, efficient ionization, long lifetime, stability, limite
plume divergence, proper integration into the spacecraft,
more, I chose to re-examine here one important aspec
electric propulsion, the efficiency of the propellant accele
tion. In order to clearly identify the basic limits on the effi
ciency, I examine the mechanism of acceleration in sim
fied geometry and adhere to approximated one-dimensi
analysis. Electric propulsion thrusters are usually classi
as electrothermal, electrostatic and electromagnetic. I dis
here electromagnetic thrusters and analyze three config
tions: the Pulsed Plasma Thruster~PPT!,5 the Magneto-
Plasma-Dynamics~MPD! thruster,6 and the Hall thruster.7

In the PPT and in the MPD a voltage is applied perp
dicular to the direction of acceleration. The work is done
the applied electric field on the electrons that move perp
dicular to the direction of acceleration. The energy gained
the electrons is transferred to the accelerated ions. This i
rect energy deposition is a possible cause of efficiency red
tion. I calculate this efficiency reduction and present an id
converging–diverging geometry, in which, at the limit of a
infinite magnetic Reynolds number, the efficiency becom

a!Paper CI2 5, Bull. Am. Phys. Soc.47, 58 ~2002!.
b!Invited speaker.
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unity. The acceleration in the Hall thruster, however, is in t
direction of the applied voltage. At the limit of an infinit
Reynolds number the efficiency is unity, even in a const
cross-section thruster. Electron heating and segmented
trodes are shown to increase the efficiency in the H
thruster.

In Sec. II the conversion in the PPT of electromagne
energy into magnetic field energy that is stored inductiv
and into particle energy is analyzed. The partitioning of t
power in the slug, specular-reflection, and snowplow acc
erations is calculated. I then suggest how to specifically d
tribute the propellant mass along the thruster so as to e
ciently use the thermal energy for ionization. In Sec. III t
sonic transition in the MPD and in the Hall thrusters is d
cussed. In Sec. IV the MPD and the Hall thrusters are co
pared at the applied field limit. The Hall thruster is shown
be inherently more efficient. In Sec. V the efficiency limit o
the self-field MPD of a constant cross section is derived a
the enhanced efficiency in an ideal converging-diverging
ometry is shown. In Sec. VI it is shown how electron heati
and segmented electrodes may enhance the efficiency in
Hall thruster.

II. THE PULSED PLASMA THRUSTER „PPT…

Various complex processes dominate the interaction
the PPT.8–10 We focus here on intentionally coupling the a
celeration and the ionization in order to increase the e
ciency. Figure 1 is a schematic of the PPT. A voltage tha
applied at the generator drives a current that ionizes the
pellant and pushes the generated plasma axially by the a
ciated magnetic field pressure. This pushing of the cond
ing fluid, by which a part of the electromagnetic field ener
is converted into the kinetic energy of the fluid and duri
which the inductance changes, occurs also in plasma dev
0 © 2003 American Institute of Physics

 license or copyright, see http://ojps.aip.org/pop/popcr.jsp



m

t,

u
y

y
el

te
he

e
ly
r
th

o-
the

c-

mes
e-
,

be-

is
lly
the

ra-

cu-
as a
ity,
etic
r

the
t
tion

ase
he

re-
ct,
on
ng

a

el-

rgy
ther
n-
for

fie

tiz
an
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such as pinches11 and plasma opening switches.12 The power
partitioning during the process can be exhibited through e
ploying momentum and energy balance considerations.

Faraday’s law and energy balance,

E5
d

dt
~Bz!, PEM5

EB

m0
5PB1PD ,

~1!

PB5
d

dt S B2

2m0
zD⇒PD5

B2ż

2m0

govern the dynamics of the system. HereE is the electric
field applied between the electrodes in thex direction,B is
the magnetic field in they direction generated by the curren
PEM is the Poynting electromagnetic energy flux,PB andPD

are the rates at which magnetic field energy is stored ind
tively in the channel and at which electromagnetic energ
dissipated per unit area, respectively, andm0 is the perme-
ability of free space. It is assumed that a narrow current la
that is located at a planez along the acceleration chann
separates the unmagnetized propellant from the vacuum
gion that is permeated by the magnetic field. The dissipa
power PD equals the rate of mechanical work done by t
magnetic field pressure. If we writePD as

PD5
d

dt S B2

2m0
zD2

Bz

m0

dB

dt
, ~2!

we see that the dissipated power is larger than the rat
which magnetic field energy is being stored inductively on
during the decrease of the current. The dissipated powe
related to the change in the mechanical momentum of
plasma,

PD5
B2ż

2m0
5

ż

hd

d

dt
~mV!, ṁ5r ż, r5

1

hd

dm

dz
. ~3!

FIG. 1. Schematic of the Pulsed Plasma Thruster: The applied electric
and the current lie in thex direction, perpendicular to thez direction, the
direction of acceleration. A narrow current layer separates the unmagne
plasma from the vacuum permeated by the magnetic field. The ion
electron velocities in thez direction are the same.
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Here m and V denote the mass and the velocity of the pr
pellant pushed by the magnetic field pressure, and, in
rectangular geometry,h is the distance between the ele
trodes,d is the width of each electrode in they direction and
r is the mass density. Part of the dissipated power beco
directed kinetic energy of the propellant while the rest b
comes heat at ratesPdKE andPheatper unit area, respectively

PD5PdKE1Pheat, PdKE5
1

hd

d

dt S mV2

2 D . ~4!

There are two cases in which all the dissipated power
comes directed kinetic energy,PdKE5PD . One case is when
ṁ50 andV5 ż, which is slug acceleration. A second case
specular reflection in which the individual ions are elastica
scattered by the magnetic piston at a velocity that is twice
momentaryż. In contrast, in the case of snowplow accele
tion, ions are inelastically scattered andV5 ż and PheatÞ0.
Obviously, it also occurs that the propellant is neither spe
larly reflected by the magnetic field pressure, nor pushed
snowplow, but rather it is pushed at an intermediate veloc
possibly by a shock wave that is caused by the magn
piston. When bothB and r are constant in time, the powe
partitioning is

PB

PEM
5

1

2

PdKE

PEM
5

1

2
, Pheat50; V52ż5Vsr5

B

Am0r
,

~5!

in the case of specular reflection, and

PB

PEM
5

1

2
,

PdKE

PEM
5

1

4
,

~6!

Pheat

PEM
5

1

4
; V5 ż5Vsp5

B

A2m0r
,

in the case of a snowplow.
The power that ends up as heat is typically a third of

power that flows into the channel.9 Part of the generated hea
is an essential energy loss that is needed for ion produc
through evaporation~of a solid propellant! and ionization.
The other part of the heat, that results in temperature incre
and radiation, is a source of inefficiency. However, if t
whole generated heat turns out to be exactly the energy
quired for complete ionization of the propellant, then, in fa
all dissipated energy is efficiently used, either for ionizati
or for acceleration. Here I show how to adjust the coupli
of the propellant and the electrical circuit so that such
desirable situation occurs.

In the following analysis let us assume that the prop
lant is pushed as a snowplow. As seen in Eq.~6!, if the
snowplow velocity is constant, half the dissipated ene
only is used for plasma acceleration. In order to use the o
half of the dissipated energy for ionization, the kinetic e
ergy gained by each ion should equal the energy needed
the ionization that generates that ion,
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miV
2

2
5a ie i⇒V5Aa iVCIV , V CIV[A2e i

mi
. ~7!

Here a ie i is the average energy required for ionization,e i

being the ionization energy itself whilea i is a numerical
factor that relatese i to the average energy actually requir
for ionization in a specified plasma.13,14 The propellant ve-
locity should, therefore, be approximatelyVCIV , the critical
ionization velocity.15,16In order to cause a propagation of th
current channel with the desired constant velocity, a ju
cious design of the mass distribution of the propellant alo
the channel is required. This technical challenge can be
by the use of a gas-fed pulsed plasma thruster~GFPPT!, a
concept that is currently being intensively explored.17 In this
type of thruster the propellant distribution can be modifi
by injecting the gas along the channel through valves o
different cross section.

We continue by analyzing the electrical circuit, adding
the previous analysis a discharged capacitor that supplie
applied voltage, and a finite resistance of the propellant.
circuit equation is

Q

C
1

d

dt
@~L01L8z!Q̇#1RQ̇50, ~8!

whereL0 is the initial inductance,L85m0h/d is the induc-
tance per unit length, andz50 denotes the initial location o
the plasma boundary at the generator side. The voltag
applied by discharging a capacitor of a capacitanceC
charged with an electrical chargeQ. At the plasma edge
where the plasma is not being pushed yet, the voltage
tween the electrodes isRQ̇.(h/da)(Q̇/s), whereR is the
plasma resistance,s is the plasma conductivity anda is the
depth of resistive magnetic field penetration into the plas
In fact, the resistance can also be written asR.L8Vd , where
Vd[1/(m0sa) is the velocity of magnetic field diffusion into
the plasma. By multiplying Eq.~8! by Q̇ we obtain the con-
servation of energy,

d

dt
F Q2

2C
1

~L01L8z!Q̇2

2
G1S L8ż

2
1RD Q̇250. ~9!

The second term in the equation, the rate of dissipation
electromagnetic field energy, can be written asPdiss5PDhd

5L8( ż/21Vd)Q̇2, and expresses the contributions of the d
namic and resistive impedances of the plasma to the diss
tion. It is desirable that the dynamic impedance be larger
terms of the circuit quantities, the momentum equation, t
is equivalent to Eq.~3!, is

d

dt
~mV!5

L8Q̇2

2
. ~10!

Since we take the velocity of propagation to be const
ż5V, the inductance becomes simplyL5L01L8Vt. The
solution of the equation

~L01L8Vt!Q̈1~L8V1R!Q̇1
Q

C
50, ~11!
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in which we assume thatR andC are constant, and for which
the initial current is zero, is

Q5
p

2
pQ0~A11t!2r@Jr 11~p!Yr~pA11t!

2Yr 11~p!Jr~pA11t!#, ~12!

written in terms of Bessel functions. Here,

t[
L8Vt

L0
, r[

R

L8V
, p[

2

L8V
AL0

C
. ~13!

As an example, we take the limit at which the resistan
and the initial inductance are zero,p50 and r 50. The
charge in the capacitorQ and the currentI become

Q5Q0J0SA 4t

L8VC
D , I 5

Q0

AL8VCt
J1SA 4t

L8VC
D .

~14!

The fraction of electromagnetic energy that is converted i
particle energy at timet is

UD

U0
5E

0

s ds8

s8
J1

2~As8!512@J0
2~As!1J1

2~As!#;

~15!

s[
4t

L8VC
,

where UD is the energy converted to particle energy a
U0[Q0

2/2C is the energy initially stored in the capacito
Although the waveform we treat here is oscillatory and n
damped, as is desired for an optimal operation of the PP17

when the voltage reverses and the current is zero most o
magnetic field energy is already drained. Indeed, we
choose the length of the channel, so that the current la
reaches the exit at the time that the current is zero. This va
is determined by the first zero ofJ1. The acceleration time
the channel length, and the fraction of electromagnetic
ergy converted into particle energy@calculated using Eq.
~15!# are

td5
3.83172

4
L8VC; l d5Vtd ;

~16!UD

U0
512J0

2~3.8317!50.837 78,
UdKE

U0
50.418 89.

Here UdKE is the electromagnetic energy converted into
rected kinetic energy of the propellant. The same amoun
energy is used for ionization. The appropriate distribution
the propellant mass is derived from the momentum equat
Eq. ~10!. The density is adjusted according to the current,
that the snowplow velocity is constant. The density distrib
tion turns out to be

dm

dz
5

L8I 2

2V2
5

Q0
2

2CV3t
J1

2SA 4t

L8VC
D . ~17!

Figure 2 presents the normalized applied voltageQN

[Q/Q0, current I N[IL 8VC/Q0, and mass distributionmN8
[(dm/dz)(C2V4L8/Q0

2) as a function of the normalized lo
cation of the current layer along the channelz/Vtd . More
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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realistic distributions could be designed for finite values oR
andL0. A finite L0 results inI N505mN8 at z50.

It is desirable to have exhaust velocities higher th
VCIV . The idea sketched above should then be implemen
in the ionization section only. An acceleration of the ioniz
plasma to a higher velocity as a slug that follows the sno
plow pushing results in a higher efficiency.

III. THE SONIC TRANSITION IN STEADY
ACCELERATORS

Let us turn now to steady electromagnetic accelerat
The two configurations we will address are the MPD and
Hall thruster, shown schematically in Figs. 3 and 4.

The governing equations for the two thrusters are
standard fluid equations, which we write for a on
dimensional geometry. These are the continuity equation

]~nVz!

]z
5S, ~18!

FIG. 2. The Pulsed Plasma Thruster: The normalized applied voltageQN

[Q/Q0 ~solid!, current I N[IL 8VC/Q0 ~dashed!, and mass distribution
mN8 [(dm/dz)(C2V4L8/Q0

2) ~dotted–dashed! vs the normalized location of
the current layer along the channelz/Vtd .

FIG. 3. Schematic of the MPD thruster: The applied electric field and
current lie in thex direction, perpendicular to thez direction, the direction of
acceleration. The ion and electron velocities in thez direction are the same
The current is distributed along the channel.
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the momentum equation,

miVz

dVx,z

dz
5e~Ex,z7Vz,xB!2nme~Vx,z2vx,z!

2
miSVx,z

n
, ~19!

the electron momentum equation,

052e~Ex,z7vz,xB!2nme~vx,z2Vx,z!2
1

n
êz•“P ~20!

~the minus and plus signs refer to thex and to thez compo-
nents, respectively!, and the energy equation,

d

dzS 5

2
nveTD52enE"v2Sa ie i . ~21!

As usual,Vz,x and vz,x are the components of the ion an
electron velocities,n, T, andP are the electron density, tem
perature, and pressure, the enthalpy is (5/2)T, S is the source
term, and E"v52(nme /e)@vx

21vz(vz2Vz)#2(vz /en)
3(]P/]z). The ion temperature is neglected. Assumingvx

2

@vz(vz2Vz), we find that

~Vz
22Vs

2!
dVz

dz
52

evxBVz

mi
2

2

3

nmeVzvx
2

mivz

1
S

n FVz@~5/2!T1a ie i #

mivz
2~Vz

21Vs
2!G .

~22!

Here the sonic velocity isVs
2[(5/3)(T/mi). A similar ver-

sion of this equation that allows also a varying cross sec
is included in a comprehensive analysis of the MP
interaction.6 The equation here~22!, in which the ion and
electron velocities in thez direction ~the direction of accel-
eration! are not necessarily the same, holds for both cons
cross section MPD and Hall thrusters.

e

FIG. 4. Schematic of the Hall thruster: The electric field is applied in thz
direction, the direction of acceleration. The ion and electron velocities in
z direction are different.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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Let us examine the transition to supersonic velocities
both thrusters. In order for a smooth transition to superso
velocities to occur the right-hand side~RHS! of Eq. ~22! has
to vanish at the sonic velocity. The first term on the rig
hand side~RHS! of Eq. ~22! expresses the magnetic fie
force and is always positive. The second term represents
effect of heating on the acceleration. It turns out that hea
contributes to the acceleration in the Hall thruster, while
serves as a drag in the MPD. Formally this is a result of
fact that this second term in the equation is positive in
Hall thruster~in which ions and electrons move in oppos
directions,Vz.0 andvz,0) and negative in the MPD~in
which Vz5vz). The reason for these opposite roles is tha
the Hall thruster electrons heat up while they move into
thruster away from the exit, in contrast to the MPD thrus
in which electrons heat up while they move towards the e
The temperature increase contributes to the accelerating
of the pressure gradient in the Hall thruster while it weake
this role in the MPD thruster. Because the heating result
a drag force in the MPD, the RHS of Eq.~22! may vanish at
the sonic velocity. Smooth sonic transition can occur in
MPD thruster even ifS50, as it is in the acceleration chan
nel beyond the ionization region. In the Hall thruster ho
ever, in which the heating term is positive, a smooth so
transition can occur only where ionization@the third term in
Eq. ~22!# is not zero.18,19

IV. APPLIED-FIELD STEADY THRUSTERS

The efficiency of the thruster is defined as

h5
F2

2ṁ*0
l j "Edz

5
~1/2!Vz f*0

l j xBdz

*0
l j "Edz

, ~23!

where the thrust isF[ṁVz f5mihdnfVz f
2 . Quantities that

are denoted by the subscriptf mean their value at the exit o
the thruster. Employing the notations in Figs. 3 and 4,
note that in the MPD thruster the energy is first deposited
the electrons~throughj xEx), energy that the electrons lose
their axial motion to the ions that are accelerated by the a
electric field. In the Hall thruster however, the energy is d
posited directly in the accelerated ions~through j zEz). We
will first discuss this efficiency in the cold plasma limit, a
suming thatT is small. Later, we will address the finite tem
perature Hall thruster, recognizing the possible contribut
of the electron heating to the acceleration in the Hall thrus
discussed in the previous section.

In this section we will examine the efficiency of thrus
ers in which the self-magnetic field due to the current
much smaller than the applied magnetic field. This is
usual situation in the Hall thruster in which self-fields a
much smaller than the radial~in thex direction! applied mag-
netic field. In the MPD thruster, in addition to the se
magnetic field that is azimuthal~in the y direction!, a radial
magnetic field is sometimes applied.4 In our analysis of the
MPD thruster however, we assume that both applied and
magnetic fields are azimuthal. Also, for simplicity, we a
sume that this applied magnetic field is uniform.
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Let us first discuss the MPD, as is schematically sho
in Fig. 3. In the MPD of a uniform cross section the elect
field is uniform and points in thex direction. Therefore,

hMPD5
~1/2!Vz f*0

l j xBdz

Ex*0
l j xdz

<
~1/2!Vz f*0

l j xBdz

VzB*0
l j xdz

, ~24!

sinceEx>VzB. In the case of a strong uniform applied ma
netic field~in they direction, the same direction as that of th
self-field! B5B0, the maximal efficiency becomes half,

hMPD
l <0.5. ~25!

Using the linearizedz component of the momentum equatio
and thex component of the electron momentum equatio
with the relationfA5Exh, we obtain explicitly that

D512b2
1

RM

db

dj
; b[

B

B0
, j[

z

l
, ~26!

with the parameters

D[
fA

2hVz,maxB0
,

1

RM
[

vd

2Vz,max
,

~27!

vd[
nme

m0e2nl
, Vz,max[

hB0
2

2m0miG
, G[nVzh.

HereVz,max is not the actual maximal velocity, but rather th
maximal velocity obtained in the nonlinear regime by ma
netic field pressure,vd is the diffusion velocity of the mag-
netic field into a plasma of lengthl, which is the length of the
acceleration channel. I assume that the collision frequenc
proportional to the plasma density, as it is in binary co
sions. Solving Eq.~26! and the ion momentum equation, w
find that the magnetic field and the ion velocity along t
channel are

B5B0$12D@12exp~2RMj!#%, Vz5
hB0~B02B!

miGm0
,

~28!

and therefore the efficiency is

hMPD
l 5 1

2@12exp~2RM !#. ~29!

In the Hall thruster an electric field is applied in th
direction of acceleration. In a uniform magnetic field and
cold plasma the efficiency becomes

hHall5
minfVz f

3 /2

*0
l j "Edz

5
1

11uvezu/Vz
5

1

111/RM
. ~30!

In contrast to the MPD, for the Hall thruster I assume that
collisionality of the electrons is anomalous14 and therefore its
frequency is independent of the plasma density.

The Hall thruster does not have the 0.5 barrier for t
efficiency and is therefore inherently more efficient than
MPD thruster. In reality, however, the efficiency of Ha
thrusters has never exceeded 55%. Some efficiency redu
is unavoidable since energy must also be used
ionization.20 Moreover, interaction with the walls,21

oscillations,22 and plume divergence23–26 further reduce the
efficiency. The unavoidable efficiency reduction due to t
use of part of the power for ionization equals the ratio of t
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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ionization energy to the maximal ion kinetic energy, and,
both the MPD and the Hall thruster, it turns out to be only
few percent.

V. MPD ENHANCED EFFICIENCY

Here we show how the efficiency in the MPD is in
creased to above 0.5 by operating with self-fields and
geometry. Let us first analyze the self-field MPD. Employi
Eqs.~19! and~20! at the limit of cold electrons (P50), we
derive the relation between the flow velocity and the inte
sity of the magnetic field along the channel,

mi

G

h
Vz5

B0
22B2

2m0
. ~31!

Performing the integrals in Eq.~24! we obtain

h5
h2

8miG

B0
3

fAm0
5

1

8D
. ~32!

The maximal efficiency is reached whenfA and D obtain
their minimal values. From the nonlinear version of Eq.~26!,

D5
~12b2!b

2
2

1

RM

]b

]j
, ~33!

the minimal values offA and of D are reached forn50
when (12b2)b is maximal, which, in turn occurs forb
51/A3. The minimal value ofD, substituted in Eq.~32!,
yields a maximal value for the efficiency,

hMPD
nl <

3A3

8
50.649 52. ~34!

This value is higher than in the applied field case~25! but
still smaller than unity. This efficiency limit and also explic
profiles of the magnetic field are given in Refs. 27 and 6

The limit on the efficiency can be relaxed if the cro
section of the channel is not uniform. Indeed, an inceas
efficiency by geometry has been shown27,6 and analyzed in a
two-dimensional model.28 Here, within a quasi-one
dimensional model, an acceleration of a plasma in the M
configuration is presented, that relies on a convergi
diverging geometry, similar to the acceleration of a g
through a Laval nozzle. The theoretical limit on the ef
ciency in this case is unity.

The combination of the continuity equation and mome
tum equation under a pressure gradient,

nmiVz

dVz

dz
52

dP

dz
, ~35!

yields, when the pressureP depends on the plasma ma
densityr only,

S Vz
22

]P

]r D dVz

dz
5Vz

]P

]r

d ln h

dz
. ~36!

In a magnetized cold plasma the pressure in the momen
equation is the magnetic field pressurePB[B2/2m0. In a
collisionless plasma~an infinite RM) the magnetic field in-
tensity is linearly proportional to the plasma density~the
magnetic field is frozen into the electron fluid!,
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D
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m

fA

h
5Ex5VzB⇒ B

n
5

fA

G
⇒PB5

n2fA
2

2m0G2

⇒ ]PB

]r
5VMS

2 [
B2

m0min
,

~37!

and Eq.~36! becomes

~Vz
22VMS

2 !
dVz

dz
5VzVMS

2 d ln h

dz
. ~38!

The velocityVMS is a characteristic velocity of a magnetize
flow, as described in Ref. 29.

Integrating the equations directly we obtainVz , h, andn
as a function ofB,

Vz
25

2fA

miGm0
~B02B!, h25

fAGm0mi

2B2~B02B!
, n5

GB

fA
.

~39!

In the converging part of the channelVz,VMS while in the
diverging partVz.VMS . The flow velocity increases from
zero to a finite value and the density decreases from a fi
value to zero, while the distance between the electrode
infinite at both ends and reaches a minimal value at the ch
nel neck, wheredh2/dB50. At the neck

Bneck5
2
3B0 ; Vz,neck

2 5VMS
2 5

2fAB0

3m0miG
5

Vz,max
2

3
;

~40!

hneck
2 5

27fAm0miG

8B0
3

; nneck5
2GB0

3fA
.

Figure 5 showsVz,N[Vz /Vz,max, nN[nfA /(GB0), andhN

[h/hneck as a function of 12B/B0. The efficiency is unity,

h5
F2

2ṁfAI
5

GmiVz f
2 /2

fAB0 /m0
51. ~41!

By specifying ṁ5miGd, fA , and hneck, the current I
5dB0 /m0 is specified

FIG. 5. The normalized velocityVz,N[Vz /Vz,max ~dotted–dashed!, density
nN[nfA /(GB0) ~dashed!, and distance between the electrodeshN

[h/hneck ~solid! vs 12BN , (BN[B/B0) in a converging–diverging MPD.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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27fAṁd2

8m0
2hneck

2
. ~42!

For completeness we also write the thrust in t
converging-diverging MPD,

F5ṁVz f5
4m0

3A3

hneck

d
I 2. ~43!

In the next section we discuss ways by which to enhance
efficiency in the Hall thruster.

VI. HALL THRUSTER ENHANCED EFFICIENCY

As we saw in Sec. IV, the efficiency in the Hall thrust
approaches unity, theoretically, asRM is increased. It has
been shown that if there are no losses, the electron temp
ture should reach a value of 0.3efA at the sonic transition
plane.14 It has been demonstrated20 by use of momentum and
energy balance, that for a givenRM , the efficiency of the
Hall thruster is significantly enhanced by this electron he
ing. The dependence of the efficiency onRM is no longer
described by Eq.~30! but rather by

hHall5
1

111/~5RM !
. ~44!

However, theoretical calculations of the Hall thruster th
include wall losses, such as those described in Refs. 30
showed much lower temperatures than those expected
no wall losses.14 Thus, one major source of inefficiency i
the Hall thruster that results from the cooling of the electro
by collisions with the wall is the loss of particle pressure th
could otherwise contribute to the acceleration.

Minimizing the energy deposited in the electro
through the introduction of segmented electrodes into
Hall thruster has been explored recently bo
experimentally33 and theoretically.19,34Here, we examine this
idea by the variational method that was introduced in R
34. In the acceleration region the density of the ions that
down the electrostatic potential equals the density of
electrons that move across the magnetic field due to t
collisionality,

G i

~12c!1/2
5

Ge

f ~c!dc/dz
; c[

f

fA
;

~45!
d

dz
[S e

2mfA
D 1/2n̄~z!fA

vc
2

d

dz
.

The collision frequencyn is assumed of the formn

5 n̄(z) f (c) and f (0)51. In the presence of segmented ele
trodes the electron fluxGe is not constant along the channe
The efficiency is

h5
1

11*0
zTdzF~c,c8!

; F~c,c8![
f ~c!~c8!2

~12c!1/2
;

~46!

c8[
dc

dz
; zT[z~z5L !.
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For specified magnetic fieldvc
2(z) and collision n̄(z) pro-

files, so thatz(z) andzT are specified, we look for the opti
mal c(z) and the associated optimalGe(z). Interestingly, for
F of the form in Eq.~46!, c(z) that satisfies Euler’s equa
tion, (]/]z)(]F/]c8)2]F/]c50, also satisfiesdF/dz
50. Therefore, the work done on the electrons is minim
when it is uniform along the acceleration channel@F(z) is
constant#.

The casef (c)51 was examined in Ref. 34 and the o
timal distribution of the electric potential resulted in only
small efficiency enhancement with respect to the regular o
cathode configuration. Here a case is examined in which
collision frequency~due, possibly, to an instability-relate
anomalous collisionality! varies linearly with the plasma fre
quency,f (c)5(12c)21/4. For the regular flow, in whichGe

is constant,

c r512S z

zT
D 4

; Ge,r52
4

zT
; h r5

1

114/zT
. ~47!

The optimal flow, for whichdF/dz50, turns out to be

copt512S z

zT
D 8/5

; Ge,opt52
8

5zT
S zT

z D 3/5

;

~48!

hopt5
1

1164/~25zT!
; lim

zT→0

hopt

h r
51. 56.

As a more practical example than the continuous dis
bution of current emission, let us assume that we appl
potentialc5c1 at a single electrode that we insert at a p
sition z5z1 between the cathode and the anode. As in R
34, the constant electron flow in the regionz1.z.0 is de-
noted byG1 and the constant electron flow in the regionzT

.z.z1 by G2 ~the flow from the cathode!. Integrating Eq.
~45! in the two regions, we obtain the relations2G1z1

54(12c1)1/4 and 2G2(zT2z1)5424(12c1)1/4. The ef-
ficiency is expressed ash15@12G1(c i2c1)2G2c1#21.
We find the maximal efficiency by solving]h1 /]z150 and
]h1 /]c150 to find z1 /zT50.19121 andc150.94419.
Then,

h1,opt5
1

11430.74186/zT
; lim

zT→0

h1,opt

h r
51. 35. ~49!

For low magnetic field intensity the efficiecy enhancemen
significant.

VII. CONCLUSIONS

Limits on the efficiency of three electromagnetic thrus
configurations have been derived and compared. Ways to
crease the efficiency of these devices have been discus
For the PPT it is proposed how to distribute the propell
mass along the accelerating channel so as to efficiently
the thermal energy that results from the dissipation of
electromagnetic energy. The important role of geometry a
the advantage of a converging–diverging geometry in
MPD configuration have been demonstrated. The H
thruster has been shown to be inherently more efficient t
the MPD. The analysis here, however, has been perform
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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using certain simplifying assumptions. Many complex p
cesses not taken into account here make the physical pic
less clear. I hope that the ideas presented here will hel
performing a more detailed analysis of the operation of e
tric thrusters.
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